Abstract: This paper presents a robust adaptive H ∞ strategy to solve the attitude of the quad-rotor helicopter control problems with actuator failures and external disturbances. The dynamic motion equations are obtained by the Euler formalism. Based on the linear time-invariant state-space equations of the quad-rotor, a state feedback robust adaptive H∞ tracking controller is proposed to track the given attitude angles with actuator faults. The controller gain consists of two parts: one part is the fixed gain which is obtained based on LMIs (linear Matrix inequalities), the other one is the time-varying gain which is adjusted on-line by the designed adaptive laws. Simulations based on a 3D Hover System of Quanser, are presented to verify the control strategy in the SIMULINK/MATLAB environment.
Introduction
Unmanned Aerial Vehicles(UAVs) are gaining more and more attentions during the last few years due to their important contributions on several tasks such as surveillant, searching and rescue mission, even on the military and security application.
Nevertheless, the quad-rotor helicopter is a high nonlinear and time-varying underactuated mechanical systems and constantly affected by aerodynamic disturbances. In addition, this kind of helicopter is usually subjected to unmodelled dynamics and parametric uncertainties. There are many papers concern on this new UAVs and some control strategies have been proposed to solve the path following problems of the quad-rotor. In [1] , the authors divide the model system into two subsystem: the position control subsystem and the attitude control subsystem, and then backstepping and sliding mode techniques are used to control the helicopter. Furthermore on the bias of [1] , the intergral term is added to improve the quad-rotor path tracking performance under aerodynamic disturbances in [2] . It is well known that adaptive technique is effective to compensate the effect of uncertainties of the system parameter and outer disturbances on systems. Thus some researchers have applied adaptive compensation controller to quad-rotor helicopter [3, 4] .
On the other hand, the motor drivers and propellers in flight control systems are easily failure which may result in the entire system be unstable. So it's important to design the flight control system, which is capable of tolerating potential faults and rejecting the disturbances in order to improve the reliability and availability while providing a desirable performance. Generally, the faults can be classified into four categories: outage [5] , lose of effectiveness [6] , stuck fault [7] and bias fault [8] . Some researchers have make contributions on the fault-tolerant of quad-rotor. In [9] , the using cutting edge method is proposed to tolerate the propellers and motors faults, which handles with the different levels of partial loss of effectiveness, and realized on the Qball-X4 quad-rotor system. While in [10] [11] [12] both backstepping control method and sliding mode techniques are used to design a fault-tolerant controller for quad-rotor against a class of fault. It can be seen that the above-mentioned methods are effective but not able to deal with other kinds of faults directly.
Recently many theories are proposed to deal with faulttolerant control problems. A passive fault-tolerant method based on LMI to deal with stuck fault proposed in [13] . Furthermore in [14] , an adaptive mechanism is successfully introduced into the robust optimization framework and less conservative design conditions are given against outage and lose of effectiveness fault. In [15] , a direct adaptive controller is designed against more general actuator faults with the matching external disturbances. While in the faulttolerant control problem in quad-rotor system, maybe there are many kinds of faults to occur and disturbances without matching condition should be rejected, which motivates this paper.
In this paper, we propose a novel fault-tolerant tracking controller design method to deal with possibly serious actuator faults and external disturbances for quad-rotor as the unparameter stuck fault [16] . Firstly, the dynamic motion equations are obtained by the Euler formalism. Then based on the linear time-invariant state-space equations of the quad-rotor, a tracking controller with time-varying gains are designed to track the given orbit, based on both LMI technique and direct adaptive method to reduce conservativeness. Also the closed-loop system is guaranteed to be asymptotically stable and satisfies the the optimal adaptive H ∞ performance index in the normal case and in the actuator fault case. Some simulation results based on a 3D Hover System of Quanser have demonstrated the effectiveness of the new method.
Proceedings of the 33rd Chinese Control Conference July 28-30, 2014, Nanjing, China This paper is organized as follows : In section 2, the quadrotor helicopter attitude mathematical dynamic model is established. In section 3, first, the internal model principle is introduced to deal with the tracking problems, then the robust adaptive H ∞ fault-tolerant tracking controller is designed based on the fault model. In section 4, a numerical of 3D hover system model and its simulation results are given.
2 The Quad-rotor Helicopter Mathematical Dynamic Model
Assuming the quad-rotor structure is a rigid body and symmetrical, the center of the mass and the body fixed frame origin are coincide, and the thrust and drag torque is proportional to the square of the the propeller speed same as the reference [17, 18] .
Let B = {B x , B y , B z } denote the body fixed frame and 
The yaw angle is defined as positive for a counterclockwise rotation (when looking down on the system from above) and drive by motor 1,3 and motor 2,4. Then Yaw angle motion equation is that:
The torque that control quad-rotor helicopter attitude angle respectively is described as follows: The physical meaning of above symbols are described as Table 1 . From the equations (1)- (3), and let state variable
And considering the regulation output z and the disturbances ω = [ω 1 , ω 2 ], we can get linear time-invariant state-space equations as follows:
where the specific values of A 0 , B 10 , B 20 , C 10 , C 20 , D 0 and ω 0 will be given in the Simulation section.
Quad-rotor Actuator Fault-Tolerant Tracking Controller Design
To formulate the fault-tolerant tracking controller, the fault model must be established first. Here the types of faults under consideration are the loss of effectiveness, stuck fault, outage fault and bias fault. A unified model of actuator faults is established as follows:
where i ∈ {1, 2, . . . , m, }, ρ i (t) is an unknown function and σ i is an unknown constant. ρ i , ρ i are the known constants and represent the lower and upper bounds of ρ i (t), respectively. ψ i (t) is the unparametrizable bounded time-varying actuator stuck and bias faults in the ith actuator. Following the practical case, we have 0 Table 2 is given to illustrate the fault model generally. 
where
Then, the sets with above structure are defined by ρ(t) (t) = {ρ(t)|ρ(t) = diag{ρ 1 
In order to obtain an tracking controller with tracking the reference output signal, combining (4), (6) and (7) and let x = [x, x c ] , ω = [ω 0 , y r (t)] then we have the following augmented system:
, C 1 and D will be given in the Simulation section. Similar to [16] , [17] , we introduce the following standard assumptions. Assumption 1: The unparameter stuck fault and bias fault ψ(t) and the disturbances ω(t) are piecewise continuous bounded functions, and there exist a known positive constantsψ and an unknown positive constantω such that
Assumption 2: All pairs{A, B 1 ρ} are uniformly completely controllable for any actuator failure model ρ ∈ {ρ
In the quad-rotor system, attitude angles and its accelerator are measurable, that means the states of the state-space equation (8) are measurable. We design the following state feedback tracking controller:
where K 1 is a fixed gain designed by LMI and K 2 (t) is an auxiliary control function, which all will be given later. Applying (10) to equation (8) yields the following closedloop augmented system:
Suppose that assumption 1-3 are satisfied. For the given scalar constant γ > 0, ζ > 0, the fixed gain
for any ρ∈N ρ(t) , where the positive symmetric matrix X and matrix W satisfy the following linear matrix inequalities (12) 
(12) It follows from the assumption 3, there exists a positive constant μ, such that:
Remark1: Similar to the Lemma 1 of the reference [19] , for the matrix B 1 , there exists a positive constant μ, the following inequality holds.
. Therefor, the inequality (13) is founded.
Under assumption 1, there exists a positive uniform continuous and bounded function k 3 (t), of which the minimum is k 3 σψ(t) ≤ σ ψ ≤ μk 3 (14) Here,it is worth pointing out that the constantω, μ, σ are unknown, thus that k 3 (t) and k 3 are unknown. Now the auxiliary control function K 2 (t) is given as follows
where ν(t) is any positive uniform continuous and bounded function which satisfies 0 < ν ≤ ν(t) < ∞ with ν is any positive constant.k 3 (t) is the estimate of the k 3 (t) which is updated by the following adaptive laws:
(17) c is a scalar with c ≥ 1 and h(t) is certain positive uniform continuous function.k 3 and k 3 are given as follows:
Denotesk 3 (t) =k 3 (t) − k 3 (t) is the estimation error of k 3 (t), there exist h(t) satisfies:
Then we give the error system as follows:
In the following, we denote (x,k 3 (t)) as the solution of the error system and the closed-loop system. Then we get the following theorem. Theorem 1: Consider the closed-loop system described by (13) . Suppose that assumptions 1-3 are satisfied. For the given scalar constant γ > 0, ζ > 0, and any ρ(t)∈N ρ(t) , if there exists a fixed gain K 1 = WX −1 with the positive symmetric matrix X and matrix W satisfy LMI (12) , and K 2 (t) satisfies (15) ,k 3 (t) andk 3 (t) determined by the adaptive laws (16) and (20), the closed-loop fault-tolerant control system (11) is asymptotically stable and for x(0) = 0 satisfies that:
Proof: Considering the closed-loop system (11), we firstly, define a Lyapunov function candidate as
where P = X −1 . By (16) and
we can obtain that (12)- (20), the time derivative of Lyapunov function satisfies the following inequality:
(25) Consider equation (19) and (20), we can get that
The linear matrix inequality (12) multiplies diag{P −1 , I, I, I} on both sides, based on Schur lemma, It follows that
Then the(25)becomes that
where α = λ max ρ(t)∈Δ ρ(t) (t) (Q). It is easy to verify that
According (29), it follows that V∈L ∞ , which implies x(t)∈L ∞ , and the closed-loop system (9) is stable, that iṡ x(t)∈L ∞ . Furthermore x(t)∈L 2 implied by integrating (36) from 0 to ∞ on both sides. Along with the fact that x(t)∈L 2 ∩L ∞ , and applying Barbalat Lemma [20] implies that x(t) is asymptotically stable, that is lim t→∞ x(t) = 0. So we can get that tracking error lim t→∞ e(t) = 0. Furthermore by (29), V(x,k 3 (t)) is the non-increasing function. Integrating the inequalities (29) from 0 to ∞ on both sides, it follows :
The proof is end. of adaptive H ∞ performance index in [14] , the adaptive H ∞ performance indexes no larger than γ.
Simulation
In order to show the control performance of the robust adaptive FTC strategy of this paper, we simulate a quadrotor 3D Hover System in MATLAB/SIMULINK environment. The parameters of this model will be given in Table 3. The following parameters are given in the designs 
Here, the following fault model is considered: Before 30s, the system operates in normal case, and the disturbances ω(t) = [0.05sin(5t), 0.03] enter into the quad-rotor system at the time (t ≥ 0). At 30s, actuators faults occur: the second motor lose of effectiveness described by ρ 2 (t) = 0.02t and until lose effectiveness of 80%, also the third motor loss of effectiveness described by ρ 3 (t) = 0.1t, until the motor is outage. Between 40s and 80s, the second motor lose of effectiveness of 80% and the third motor is outage. Between 80s and 90s, the third motor drift at 1.5. When t > 120s, the first motor stuck at 0.12sin(t) + 0.3.
The given tracking signals in the simulation are that: Before 30s, the yaw angle ψ = 0.1, the pitch angle θ = 0.3 and the roll angle φ = 0.1. Between 30s and 60s, the yaw angle ψ steps to 0.2 and the pitch angle steps to 0.4. When t ≥ 60s, the yaw angle ψ back to 0.1 and the pitch angle back to 0.3, but the roll angle stay at 0.1 all the time.
It can be observed from Fig.2-4 that the robust adaptive controller can ensure the quad-rotor helicopter track the given step attitude angles, asymptotically, in the case that two of the drivers, motors or the propellers lose of effectiveness with the lower and upper bounds of efficiency factors are unknown. Also that when two of the drivers, motors or the propellers occur the time-varying stuck fault or drift at a certain value, the quad-rotor helicopter also track the given step attitude angles asymptotically.
Conclusion
This paper has considered the robust adaptive fault tolerant tracking controller for the quad-rotor helicopter attitude control subsystem with disturbances and actuator mechanism faults. Considering the linear time-invariant state-space equations of quad-rotor, the controller have been developed based on LMI and direct adaptive methods under timevarying loss effectiveness fault, outage fault, unparametrizable stuck fault and bias fault and disturbances. All the attitude angles is guaranteed to be tracked , asymptotically, in fault case with two of the motor occur fault, under the effect of disturbances. The control performance on the quad-rotor has been verified by the simulation.
